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1 The Schwarz Space

1.1 Topology of the Schwarz space

Definition 1.1. Given N > 0 and a € N” (N = {0,1,2,...}), we define the seminorm of
feC™R")
£l (v.0) == sup(1 + &) M0 f ().

The Schwarz space is S = {f € C®°(R") : ||f[|(n,a) <00 VN € N,a € N"}.
Example 1.1. If f € C*°(R") with compact support, then f € S.
Example 1.2. [0%(e~17*)] < ¢(1 + ||l 1217,

S is endowed with a topology induced by the seminorm as follows: (fx)r C S converges
to f e Siff
dim [ f = fllv.a) =0
— 00

for all N € N and a € N". Recall that a Freéchet is a complete, Hausdorff, topological
vector space whose topology is induced by a countable family of seminorms.

Proposition 1.1. S is a Fréchet space.

Proof. Hausdorff: Given f € S and ¢ > 0, Ulna) = {9€S:||f—9ll(na) <e} are the open
sets that generate the topology of S. Let fi, fo € S be distinct. Let g € R™ be such that
460 := | fi1(xg) — f2(xo)| > 0. Since | f1 — f2| is continuous, there exists an open neighborhood
O of zg such that |fi(xz) — fa(z)| > 39 for all z € O. We have U((so,o)(fl) N U(‘soyo)(fg) = .
This proves that S is a Hausdorff space.

Completeness: Let (fx)r € S be a Cauchy sequence: limy s o0 || fr — fell(v,) = 0 for
all N € N,a € N*. Taking N = 0 for each «, we obtain that (0% fx)x is a Cauchy sequence
for the uniform norm, and so (0% ), converges uniformly to some g, € C(R™). We claim



that sup, (1 + |z])Vga(x) < co. We have (1|z|)"|0%fr — 0% f¢| < ¢ for large k,£. Letting
— oo, we get 1]z|)"|0% fr — ga| for large k. Then
(L +|2[Vgal < (1 + [2))V]ga(z) = 0% fi(2)| +(1 + |20 fi(2)| < 0.

-~

<e

It remains to show that go € C*°(R") and 0%gy = go. By Taylor’s expansion,

1 1
fola+h) = fulx) — V fi(a)h = /0 /0 (V2 i+ tsh) - ) ds dt.

Thus,
|h[?
|[fi(@ +h) = fule) —h- V(@) < —-M, M= Sup sup | fll(0,00)-
Letting & — oo, we obtain
go(z +h) — go(z) — Zg(o,---,0,1,0,...,0)(95)hi < ?Hh” .
i=1

Since g(o,... 0,1,0,...,0) () is continuous, we conclude that gg is differentiable at = and that
%go(x) = 9(0,...,0,1,0,..,0) (7). Increasing the rank of the expansion, we obtain the desired

result. So go = 0%f. O
1.2 [Equivalent characterizations of functions in the Schwarz space
Proposition 1.2. Let f € C*°(R"™). The following are equivalent:

1. fed.

2. PO f is bounded for any B, € N™.

3. 0%(2P f) is bounded for any 3, € N™.
Proof. (1) = (2): Let o, f € N™. Then

2910° (@) < (1 + 2)P16% £ (@)] < 1l gs1.00-

(2) = (3): We have
@)= «"f,

a€AbeB

where A and B are finite sets determined by «, 8. Thus,

0% @)l < Y (e8]l < e

a€A,beEB

2



(3) = (1): We have [|0“f|loc < oo for all @« € N”. It remains to show that
(1 + |z )N0%f(z)]|o < 00. Fix an integer N > 1. Then

on :=min{) _|z;|V: 2] = 1} > 0.

i=1
Hence,
n N 1 N
W< | =
2Tl T RN &
So
n
¥ < = 3 faaf .
N =1

It remains to show that |||z;|N0%f||e < 0o. We have for N = 1 that
8%. (a:iﬁaf) = 5Z~7j8af + a:ﬁxjc‘)af,

SO
[202;0% f|| < |02 (2i0% f) oo + |00 %

Repeat the process for N =2,3,.... ]
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